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Tobin (Tobin 1958) considers a portfolio model in which there is one safe and one
risky asset. The net rate of return is Xo on the safe asset and X; on the risky asset.

A portfolio consists of a dollar amount ag invested in the safe asset and an amount
a; invested in the risky asset where o, + o, =w and w is the investor’s initial wealth.

Let Y be a random variable denoting the return on the portfolio. Then

Y =0, (1+x,)+a, (1+%,)

(1)
=w(l+x,)+a, (X, — %)
and
EY =y,
=w(l+x,)+0, (1 —X,)
Var Y =) (2)
=o’Var x,
oy = 0,0,

The amount o, determines both p, ando,. The terms on which an investor can
obtain a greater expected return at the expense of more risk is
=%

py =w(l+x,)+——"20, (3)
o,

where 0 <o, <wo,. (3) is the investor’s trading line. The investor holds the amount
a, = oy /o, of the risky asset.

Let a, =A,w. Then

_ H — X,
Ly — W = WX, + A WG,

1
- W — X

My Ly 0 e
w o,

(4)

This is called the capital market line where A,c,is the standard deviation per unit of

My = Xo
o

wealth held in the risky asset and is sometimes called market price of risk.



a T

The investor is assumed to have preferences which rank all (oy,u,) pairs and these

preferences can be represented by indifference curves. Then the individual
maximizes expected utility subject to selecting a pair (oy,,) on the trading line.

L =X
W[l-)(a]ll—' LY. ]
g

There are two rationales for supposing that

EH(Y):f(“Y’GY) (5)

The first is that Y O N(u,,o,)Let g(y;uy,0y) be the density function of Y. Then

Eu(Y)=[" u(y)e(v;ny,oy)dy
= f(HY’GY)

(6)

and the shape of the indifference curve can be inferred from the shape of u. To
demonstrate this we perform the following transformation.

Let

Y=0(z)=p, +0y2z
You, (7)

i.e. ="' Then



En(Y)=Ep(®(2))
=" n(@(2))h(20,1)dz 8)
= f(uY’GY)

where z [ N(O,1) and h is the standard normal density. Let D,f and D,f denote the
partial derivatives of f with respect to p, and o, respectively. Then

Df=["ph
- 9)
D,f =" u'zh
Since f is constant on the indifference curve
0 =df =D fdp, + D,fdo, (10)
or equivalently
duy  Dof
doy B D,f
_ z2u'(0(2))h(z) (11)
[ w(e(2))h(2)

Claim: if u’ > 0 and u” < 0 then du,/do, >0.
Proof. Since the denominator is clearly positive, it suffices to show that u”<0 implies
N=|["zu'(®(z))h(z)<0 (12)

Note that

a—w -a

N=lim|[° zu'h+ [ zu'h (13)
0
where h is symmetric, i.e. h(t) = h(-t). Let z = -t. Then

.fizu'(cl)(z))h(z)dz =

[t (@ (1)) n(-t) (-a) (14)

and

N= nm{-jj tu' (@ (~t))h(~t)de + [ tu'(CD(t))h(t)dt}

a—m

- lim{ [ t[u(o(t)- u‘(fb(—t))]h(t)} <0

a—o

(15)

Since u'(®(-t))>u'(®(t)).



Comparative Statistics

Suppose that u is an increasing concave function and that X, [ N(ul,csf). Now

suppose p, changes. Then we want to determine what effect this will have on the
investor’s optimal choice of a, .

Recall that

®(z)=py +0y2 (16)
=w(l+x,)+0, (1 —X,)+0,0,2

and the investor’s problem is to select a,to maximize Iu(@ (z))h(z).The first order
o

condition is

J'u'(CI)(z))(;,l1 -X,+0,z)h(z)=0 (17)
a]
or equivalently
_[u'zh
M~ X% il
=— 18
S O (18)
0

Now let the function F:D —»0,D c0? be defined by

F(pl,al):ju'[pl—xo+clz]h (19)

Since D,F <0, it follows by the Implicit Function Theorem that there exists a
differentiable function f:0J —[ such that F(p,,f(u,))=0 andf' =-D,F/D,F.

Note that f'20 as D,F 20.
D,F = .Hu'+ u'"a, [y, - %, +0,z]fh

. (20)
= Iu'h+ ocl.[u”[u1 -X,+0,zh>0

if the second integral on the RHS is non-negative. To determine the sign let
a=-u"/u' denote the measure of absolute risk aversion. Assume that a'<0and let

z, be implicitly defined by p, —x, + 0,2, =0 (i.e.z, = _HT% )
St
Then
u'"(®(z,))
-~ P <a(d ,Z 2 21
T(0(z)) (010222 2

or



u"(q) (Zo))z_a(q)(ZO))u'(q)(Zo)) (22)
which in turn yields
u"(D(20)) (1, — X +0,2) 2 —a (D (z,))u'(D(2)) (1, — X, +0,2) (23)

for z >z, . A similar argument shows that (23) holds for z <z, . Hence, given a'<0,
J.u"(d)(z))(u1 -x,+0,z)h2-a(d(z, ))Iu(d) (z))(m, —%, +0,2)h (24)
n] 0

but the RHS is zero at the optimal a,. Hence, D,F >0 or equivalently f'(u,)>0.
Note that in Tobin’s model (i.e. where x, =0 and so the safe asset is money)
f'(n,)>0 also implies that the demand for money is a decreasing function of the
expected return on the risky asset, which he calls the rate of interest.

Next consider a change in the riskness of asset one. Let G:D—>0,Dc0?, be
defined as

G(cl,ocl):J.u‘(d)(z))(p1 -X,+0,z)h (25)
. . . DG
Then as above there exist a function g such that G(c,,g(c,))=0 and g'= DG 20
2
as D,Gz20.
D,G = J.[u'z +o,u"z(p, - x, +0,z) |h
(26)

:J.u‘zh+otl.[u”z(ul -X,+0,z)h
0 n]

Recall that the first integral on the RHS is negative and so D,G <0 if the second
integral on the RHS is non-positive. Since

J.u”z(u1 - X, +cslz)h:iju”clz(ul -X,+0z)h=

Gy 7
1
o, w' (1= %) + 012 = (1 = %) (1, %o +0,2) h = =7
10
1

It follows that a'<0 and p, —x, 20 suffice to showD,G <O0.



Model with Many Risky Assets

Suppose there are N risky assets. Let a =(a,....,ay) €™ where a;,j=1,...,N is the

dollar amount held of risky asset j, and o, is defined as before

random rate of return on asset j. Then

Y:oco(1+xo)+§:ocj(l+xj)

=1

:w(1+x0)+iocj (xj —xo)

since
N
Oy =W — z o
j=1
Let Gy = E(xixj) - ExEx;
Then
N
Uy :W(1+Xo)+za1 (HJ _XO)
j=1
and

In the special case N=2
Var (o,X, + 0,X, ) =
E (otlx1 +0,X, — (‘11141 + 0, ))2 =

E(al (%, =) +ay (X2 _“2))2

. Let X; denote the

(28)

(29)

(30)

O‘fE(X1 ! )2 + 2a1a2E|:(X1 - Hl)(xz —Hy ):| + O‘iE(Xz —Hy )2 =070y, +204,0,0,, + 030,,

(31)

The set of points a e1" for which p, is constant is a hyperplane. In the case N=2

the {(xeD2|w(1+xo)+a(p—ex0):p3} where e=(1,..,1)e0" and p=(u,,...,pny) is

shown



Let z denote the variance-covariance matrix. Then o} =(xT2a . For N=2 the
{ae[2|w(1+x0)+a(p—exo)=p$} where e=(1,...,1)e0Y and p=(p,..,pny) is

shown

Let Z denote the variance-covariance matrix. Then o3 = ocTZ(x . For N=2

Z:(Gll GIQJ (32)

Go1 On

Note Z is a real symmetric matrix and so there exists an orthogonal matrix U such
that UTZU is a diagonal matrix whose diagonal elements are the characteristic
roots of Z . Since Z is a real symmetric matrix, all its characteristic roots are

real. Let UTZU =D(A) where L e[" is the vector of characteristic roots, e. g.

D(%){Ol fj (33)

Let o =Ud. Then we obtain the equation

"> a=38"UTY Us=3"D(1)d =0} (34)
In scalar form we have the familiar equation (i.e. for the linear operator in [7)

LS+ 1,02 =0 (35)

We interpret the transformation a =Ud as a transformation of the coordinate system
so the graph of



oY a=c} (36)

is not changed. However the alteration makes the equation so simple that the nature of
its graph may be determined by inspection. If 1, # 0,1, # 0, and &> =0 then

8; 5
2 T =
Oy / A oy / }‘2

(37)

If 67 /*;>0 for j=1, 2 then (38) is the equation of an ellipse. If 1, =i, then (39) is a

circle. If A, and A, are opposite in sign then (40) is a hyperbola.

o,

\\\\\‘r(\‘_‘x - - {CL(.—R: IC(.TEG.— U:,}

The characteristic roots A €™ of Z are all positive if and only if the quadratic
form aTZa is positive definite and the quadratic form is positive definite if and only

if the leading principal minors of the matrix of the form are all positive, i.e.

611 Oz O3 G117 -+ Om
0 G;1 Oy 0 0 — . 0
6, >0, >0, 6, G, Op |>0,| &0 o>
Gy O
G31 O3z Ogzs P Sin

The dominant a e[1" are those which minimize o’ subject to a fixed value of p, .
Hence, we have the problem

Minimize o' ) a
Subject to w(1+x,)+a(p+ex,)=p]

o,

N
)

\




Or the LaGrange function

L(a,S):OLTZOL—S(W(1+XO)+oc(u—eX0)—p2) 41)

The first order conditions are

D,L = 2a,6,, +20,6,, — (1, =X, ) =0
D,L =2a,6,, + 20,6,, —8(n, —X,)=0 (42)
DL =w(l+x,)+a(p—ex,)—py =0

In matrix notation the first two conditions may be rewritten as
1
ZOLZES(M—CXO) (43)

These conditions may as be expressed as

_ %405, £ 0501, M =X

(44)
;G5 + 030, Hy = Xo

which is the familiar tangency condition. The LHS is the slope of the ellipse and the
RHS is the slope of the constant mean line. Since f(a)=0") a is homogeneous of

degree two the set of points o e[ which satisfy (45) or (46) is the linear function L.
This result may also be noted by observing that

to,0,, +ta,0,, _ %0n + 0,0,

(47)

ta, 0y, + 10,0, 0,0, + 0,0,

Hence the investor holds the risky assets in fixed proportions, i.e. a, = ko, . Thus we
may form a composite risky asset by letting

N
Dox;, =X, (48)
=1

where



N .
X, =y —x, (49)
=1 O
and
N g
>y (50)
=

j=1 %1

defines «,. Then since a, = ka, we obtain

1
X, =——X, + ——X 51
1k 14k (51)
Then

Y=w(l+x,)+o,(x-%,) (52)

and it follows that
e =w(l+x,)+ R0, (53)

O

is the trading line.

References

Tobin, J. (1958). "Liquidity Preference as Behavior Toward Risk." Review of
Economic Studies 25(2): 65-86.




